We prove that any noncompact symplectic manifold which admits a properly embedded ray with a wide neighborhood is symplectomorphic to the complement of the ray by constructing an explicit symplectomorphism between the standard Euclidean space and the complement of a straight ray which is the identity outside of a neighborhood of the ray. This excision trick can be used to construct nowhere vanishing Liouville vector fields on noncompact symplectic manifolds.
Introduction
Exotic symplectic structures are known to exist on R 2n by Gromov [6] . They can not be embedded into (R 2n , ω 0 ). Here R 2n = {(x 1 , y 1 , . . . , x n , y n )} is the 2n-dimensional Euclidean space and ω 0 = dx 1 ∧ dy 1 + · · · + dx n ∧ dy n is the standard symplectic form. Can non-standard symplectic structures arise from subspaces? An open subset A ⊂ R 2n is called standard if (A, ω 0 | A ) is symplectomorphic to (R 2n , ω 0 ). Finite-volume subsets are not standard. Gromov's nonsqueezing theorem [6] showed that the cylinder (x 1 , y 1 , . . . , x n , y n ) x 2 1 + y 2 1 < 1 is not standard since it contains no ball of radius larger than one. Later, such quantitative theory called symplectic capacities has been developed vastly, see for instance [2, 5] . Since capacities are symplectic invariants and (R 2n , ω 0 ) has infinite capacity, any subset with a finite capacity will not be standard. Nevertheless, we want to take a look at the "large" subsets. For any A ⊂ R 2n diffeomorphic to R 2n , if there are symplectic embeddings
is A neccessarily standard? McDuff [9] gave some positive examples and a possibly negative one for the above question. In this paper, we provide another positive example. Let L 1 be the image of γ 0 : [0, ∞) → R 2n , γ 0 (y n ) = (0, . . . , 0, y n ), and let M 1 = R 2n \ L 1 . We use B d x (r) to denote the open ball centered at x in R d with radius r. We prove
Let (M, ω) be a noncompact symplectic manifold. For a proper embedding γ of the ray [0, ∞) into M , we define the γ-width of (M, ω) as 
Suppose we have an object on a noncompact symplectic manifold (M, ω) with only a few "bad" points on a properly embedded ray γ, and (M, ω) is γ-wide. We can swipe these "bad" points off M using the symplectomorphism constructed in Corollary 1.2 to get another object which is "regular". For instance, the following corollary offers an approach to finding nonvanishing Liouville vector fields, see [ 
Equivalence via integrable systems
The proof of Theorem 1.1 relies on the equivalence of integrable systems. A basic fact in symplectic geometry is that diffeomorphic manifolds have symplectomorphic cotangent bundles. Note that the fibers of a cotangent bundle are Lagrangian. In many cases, a diffeomorphism between the bases of two singular Lagrangian fibrations preserving the tropical affine structures and some other structures can be uniquely lifted to a fiberwise symplectomorphism, up to the Hamiltonian flow of momentum maps (the fiberwise translation). The principle, reducing symplectomorphisms of 2n-dimensional manifolds to diffeomorphisms of n-dimensional spaces, has been used in [3, 4, 7, 8, 10, 11, 13, 14] .
In Section 2.1, we construct integrable systems, one on either M 1 or R 2n , and two on a new space M 2 ⊂ R 2n . The integrable systems are semitoric, in the sense that the first (n − 1) components of the momentum maps have T n−1 -Hamiltonian actions. However, they differ from those in [11, 12] as the fibers are noncompact. We prove in Section 2.2 an equivalence theorem for those noncompact semitoric systems which as far as we know is not in the literature. The completeness of the Hamiltonian vector fields is crucial. In Section 2.3 we use the equivalence theorem to relate two systems on M 2 to that on M 1 and that on R 2n , respectively. As a result, M 1 is standard.
Throughout Section 2 we utilize some momentum maps and diffeomorphisms satisfying certain assumptions. To ensure those to exist, we give explicit constructions in Section 3.
Four systems on three spaces
First, let µ 1 : R 2 → R be a function satisfying Assumption 2.1. Recall that for any smooth function f : M → R on a symplectic manifold (M, ω), its Hamiltonian vector field is defined as
Assumption 2.1.
(1) The continuous function µ 1 is smooth on R 2 \ L;
(4) the Hamitonian vector field X µ 1 is nonvanishing and complete on R 2 \ L.
and let
is an intergrable system over B 2 (except where F 1 is not smooth). Observe that B 1 and B 2 are diffeomorphic. We prove the following lemma in Section 2.3.
Second, let µ 2 : R 2 → R be a smooth function satisfying Assumption 2.2.
Assumption 2.2.
(1) On µ
(3) the Hamitonian vector field X µ 2 is nonvanishing and complete.
Let
is an intergrable system over B 3 and (R 2n , ω 0 , F 2 ) is an intergrable system over B 4 . Observe that B 3 and B 4 are diffeomorphic. We prove the following lemma in Section 2.3.
Lemma 2.2. Two systems
When ε = 1, Theorem 1.1 is the result of Lemmas 2.1 and 2.2. The case of a general ε is justified by rescaling.
Equivalence theorem
We want to consider noncompact semitoric integrable systems satisfying Assumption 2.3. (1) let µ : R 2 → R be a continuous map and I ⊂ µ(R 2 ) is an interval such that on µ −1 (I), µ is smooth and X µ is nonvanishing and complete;
Note that the map µ| µ −1 (I) admits smooth sections, for instance, the ones given by the flow of ∇µ/|∇µ| 2 , where ∇µ is the gradient of µ with respect to the Euclidean metric. We will establish the following equivalence theorem. 
if G is the identity in a subset C ⊂ B without isolated points, then ϕ is the identity in F −1 (C).
Proof.
Here we use the identification
) is a diffeomorphism. Let t n : µ −1 (I) → R be the smooth submersion defined by z n = Φ tn(zn) µ (s n (c n )) for any z n ∈ µ −1 (I). Let h : B ′ → R be the n-th component of
Here, t n is short for t n (z n ) and
Then ϕ lifts G. It is bijective since, by the nonvanishing and completeness of X µ on M and M ′ , it is bijective
It is smooth by the explicit formula. We have ϕ * ω ′ = ω by direct calculations or noting that it preserves a Lagrangian section s and is equivariant under Hamiltonian flows. The uniqueness is also by the equivariance under Hamiltonian flows. Moreover, if G| C = id C , by the definition of ϕ in F −1 (C • ), it is the identity there, so ϕ is the identity in F −1 (C) by continuity.
Constructing symplectomorphisms
Let c e = c 1 + · · · + c n−1 . We prove, in Section 3.2, that for the open neighborhood U 1 = {(c 1 , . . . , c n ) ∈ B 1 | c n < 2, c e < 1, c e < c n } of {0} × (0, 1] in B 1 , there is a smooth map g 1 : B 1 → R, which satisfies the following assumption.
Assumption 2.4.
( 1) g 1 (c 1 , . . . , c n and g 1 (c 1 , . . . , c n−1 , 0) = 0 for c e > 0;
Proof of Lemma 2.1. 
(subsets of M 1 and M 2 ), a smooth section s n,1 : (0, ∞) → R 2 of µ 1 | R 2 \L , and the diffeomorphism
, we obtain a fiberwise symplectomorphism ϕ 1
by the identity to a fiberwise symplectomorphism ϕ 1 : M 1 → M 2 , which coincides with the identity outside of F −1 3 . We prove, in Section 3.2, that there is a smooth map g 3 : B 3 → R satisfying the following assumption. Assumption 2.5. as G 3 (c 1 , . . . , c n−1 , c n ) = (c 1 , . . . , c n−1 , g 3 (c 1 , . . . , c n ) ) is a diffeomorphism.
Proof of Lemma 2.2. By applying Theorem 2.3 to
a smooth section s n,2 : R → R 2 of µ 2 and the diffeomorphism G 3 : B 3 → B 4 , we obtain a fiberwise symplectomorphism ϕ 3 : M 2 → R 2n which coinsides with the identity outside of F
Explicit constructions

Momentum maps
In order to find µ 1 satisfying Assumption 2.1, we "blow up" R 2 along L = [0, ∞) × {0} via the "normalized double-argument map"
.
Then π is a symplectomorphism R × (0, ∞) → R 2 \ L with respect to the standard symplectic form and folds {0}×R along the origin onto L, In particular, the Hamiltonian dynamics on R × (0, ∞) and R 2 \ L are equivalent.
Then the graph of u lies inside of π −1 (W ). Let
Then the range of µ 1 is [0, ∞) and its level set over 0 is {0} × R. Note that the Hamiltonian vector field Xμ 1 is nonvanishing and its ∂/∂ξ-component is − ∂μ 1 ∂η = 2|ξ| for |ξ| large, so Xμ 1 is complete. Let µ 1 : R 2 → R be uniquely defined by µ 1 • π = µ 1 , then X µ 1 is complete on R 2 \ L, too. This shows that µ 1 satisfies Assumption 2.1. 
Diffeomorphisms
We show the existence of the maps satisfying Assumptions 2.4 and 2.5 by explicit constructions.
There is a smooth map g 2 : B 1 → R satisfying the following assumption.
Assumption 3.1.
(1) An example of g 2 satisfying Assumption 3.1 is
Note that the two formulae coincide in their common domain and they put together can be defined smoothly in an open neighborhood of B 1 in R n . In order to find g 1 satisfying Assumption 2.4 for a given g 2 satisfying Assumption 3.1, let C 1 = (c 1 , . . . , c n ) ∈ B 1 c n 1, c e There is a smooth map g 4 : B 3 → R satisfying the following assumption.
Assumption 3.2.
(1) 
